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Let (M, ξ) be a contact manifold. Then for each contact form α with
Kerα = ξ one can associate a unique flow, say ψα, on M called the
Reeb flow of α. I am interested in the following question: Given (M, ξ),
to what extent can we vary the dynamics of the Reeb flow by a change
of α? In this talk, I exclusively consider (R2n+1, ξstd), where ξstd =
Kerαstd and αstd = dz + 1
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of αstd is generated by ∂/∂z. I want to modify it so that it contains
a compact invariant set of various type. Recently, Geiges-Röttgen-
Zehmisch [2014] have realized an n-dimensional torus (n ≥ 2) with an
irrational linear flow as an invariant set of a Reeb flow of ξstd. We
generalize their result as follows.

Theorem. Let φ be any flow on T n which is obtained by a suspension
of a diffeomorphism of T n−1, and let A ⊂ T n be any compact invariant
set of φ. Then, we can find an embedding T n ⊂ R2n+1 and a contact
form α on R2n+1 with Kerα = ξstd such that :

(1) α = αstd outside a small neighborhood of A.
(2) The Reeb flow ψα restricted to A is orbit equivalent to φ.
(3) All orbits of ψα outside A are unbounded.

For instance, when n ≥ 2, one can take as A a transversely Cantor
minimal set etc.
Some subsets of R2n+1 other than subsets of T n are also realizable:

Proposition. The generalized Hopf flows on S2n−1 are realizable in
the sense that S2n−1 (instead of A ) satisfies the three properties in the
above theorem. S2k1−1×· · ·×S2kp−1 ( k1+ · · ·+kp = n ) and S2n−1×I2
are also realizable.

Problem. What flows on what manifolds can be realized as a com-
pact invariant sets of a Reeb flow in (R2n+1, ξstd)? Find many more
examples, or, develop a powerful method of realization.
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